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Applied Graph Theory (MATH 4/5408): Extra Credit

THEOREM An undirected finite graph G is bipartite if and only if it contains no cycles of odd length.

INTRODUCTION In order to prove the given theorem, we will examine it in two parts:

Let G be an undirected, finite graph.

[P ⇒ Q] If G is bipartite, then G contains no cycle of odd length.

[Q⇒ P ] If G contains no cycles of odd length, then G is bipartite.

We note there exists a logical equvalency to the first statement in the form of a contradiction:

[P ∧∼ Q] By way of contradiction, assume G is bipartite and that G contains a cycle of odd length.

(This statement will reason to a logical contradiction; see Proof section below.)

In the following proof we will provide any necessary definitions, then proceed to prove P =⇒ Q by way of

contradiction, and Q =⇒ P directly with a subordinate contradiction.

DEFINITIONS

FINITE A graph G is said to be finite if it consists of two finite sets of vertices and edges, noted:

G = (V (G) , E (G)).

UNDIRECTED If the edges of a graph G are formulated in unordered pairs, then G is said to be an

undirected graph.

BIPARTITE Let graph G = (V (G), E(G)). Further, let vertex sets A and B exist in G s.t. A∪B = V (G)

and A ∩B = ∅. Thus ∀ e ∈ E(G) we note, without loss of generality, e = {a, b} and that a ∈ A and b ∈ B.

In other words, a graph G is said to be bipartite if V (G) can be partitioned into two sets S1 and S2 such

that every edge e ∈ E(G) has one endpoint in S1 and the other in S2. Yet another method of description:

for a graph G to be bipartite, every vertex in set S1 can only be adjacent to vertices in set S2.

EVEN Let E = {2k: k ∈ Z} = {...,−2, 0, 2, 4, ...}. e is said to be “even” if e ∈ E.

ODD Let O = {2k + 1: k ∈ Z} = {...,−1, 1, 3, 5, ...}. o is said to be “odd” if o ∈ O.

PATH A path, Pn, on a graph G is given by Pn = ((V (Pn), E(Pn)) where V (Pn) and E(Pn) are vertices

and edges in G. A “Simple Path” maintains no repeating vertices.

CYCLE A cycle, Cn, on a graph G is given by a path in G which begins and ends on the same ver-

tex. A “Simple Cycle” maintains no repeating vertices, other than the first and last. Hence cycle Cn =

(v1, v2, v3, ..., vn, v1), where n is the cycle length.

EVEN CYCLE A cycle which maintains an even number of edges, thus ∃ Cn s.t. n = {2k: k ∈ Z}.

ODD CYCLE A cycle which maintains an odd number of edges, thus ∃ Cn s.t. n = {2k + 1: k ∈ Z}.

LEMMA 1 A disjoint union of bipartite graphs is bipartite.
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LEMMA 1 A disjoint union of bipartite graphs is bipartite.

Let there exist bipartite graphs G1, G2, ..., Gn s.t. G1 ∪G2 ∪ ... ∪Gn = G. Hence ∀ Gn is a subgraph of G

(n = 1 implies graph G is connected).

Let n > 1 and choose any Gm and Gn from among the set of subgraphs. Note that due to their bipartite

nature, any subgraph can be divided into two sets of adjacent vertices, Sm1, Sm2, Sn1, and Sn2. Further

note that the union of any two pairs of sets from each subgraph results in meeting the criteria of bipar-

tite, implying the union of the subgraphs is bipratite: without loss of generality, let Sm1 ∪ Sn1 = S1 and

Sm2 ∪ Sn2 = S2, thus S1 ∪ S2 = Gm ∪Gn and S1 ∩ S2 = ∅.

PROOF

[P ∧∼ Q] Assume G is bipartite and that G contains a cycle of odd length

By way of contradiction, assume G is an undirected, finite bipartite graph containing an odd cycle, Cn.

As G is bipartite, it’s vertices can be divided into two sets, S1 and S2, such that all vertices in S1 are adjecent

only to vertices in S2, and all vertices in S2 are only adjacent to vertices in S1. Without loss of generality,

let the first vertex of Cn exist in S1. By the definition of bipartite, v1 can only be adjacent to a vertex in the

opposing set (S2), hence v2 ∈ S2, v3 ∈ S1, v4 ∈ S2, etc. We note that vn ∀ odd n exists in S1. We further

note that the definition of “cycle” includes the edge e = vn, v1.

Thus, for any cycle of odd length (where n is odd), edge e = vn, v1 exists in set S1 indicating vn and v1 are

adjacent within the same set - a logical contradication as this violates the definition of bipartite.

[Q⇒ P ] If G contains no cycles of odd length, then G is bipartite.

Assume G is an undirected, finite graph which contains no cycle of odd length.

First, identify the set of all independent n connected subgraphs of G, Gs = {G1, G2, ..., Gn}. Note that if

G is a fully connected graph, n = 1. For each subgraph, Gk ∈ Gs, select an arbitrary vertex v ∈ V (Gk).

Observe all shortest-paths between v and any other vertiex, v0 ∈ V (Gk) offer Pn where n is either even or

odd. Let S1 be the set containing all Pn such that n is odd, and let S2 be the set containing Pn such that n

is even. We note S1 ∪ S2 offers the subgraph Gk, the first needed component of bipartite.

Now, without loss of generality, assume there exists a pair of connected vertices among set S1 ∈ Gk such

that v1 ∈ V (S1) is adjacent to v2 ∈ V (S1); we expect this to result in a contradiction. Note the path

from v to v1 (P2m+1) maintains an odd length, as does the path from v to v2 (P2n+1) by the original

formulation of S1 for m,n ∈ Z. Thus the total cycle length from v to v, passing through v1 and v2, equals

(2m + 1) + (2n + 1) + 1; recall there exists an additional edge between v1 and v2. Finally we see the path

length reduces to 2(m+n+1)+1, the definition of “odd” since m and n are integers, and thus a contradiction

to our original assumption of no cycles of odd length.

Continued...
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Continued...

As it is observed there are no adjacencies within the same parity set in Gk, we see that S1 ∩ S2 = ∅,

finalizing our conclusion that Gk is bipartite. This process is repeated for any v in a disjoint component of

G, confirming each are bipartite.

Finally, since all disjoint components of G are bipartite, G is bipartite by Lemma 1.
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